Based on the Hilbert C * -module structure we study the reconstruction theorem for stationary monotone quantum Markov processes from quantum dynamical semigroups. We prove that the quantum stochastic monotone process constructed from a covariant quantum dynamical semigroup is again covariant in the strong sense.
Introduction
A quantum dynamical semigroup as a quantum analogue of a classical stationary Markov evolution provides a mathematical framework for the study of dissipative dynamics in quantum open system. The mathematical structure of quantum dynamical semigroups and their generators have been studied by many authors [7, 9, 15] and the references therein.
The notion of a weak quantum Markov process in terms of stochastic representation for a quantum dynamical semigroup by a classical stochastic process of counting type in continuous time T = R + was first introduced by Davies in [8] . Since then, as a generalization of the Kolmogorov construction for the classical case to the quantum case, the reconstruction theorem for a quantum stochastic process in the weak sense and its classical stochastic representation have been studied by several authors. The reconstructions of quantum Markov processes in strong sense were studied in discrete time T = Z + by Lindblad in [16] , and Belavkin [2, 3] generalized that for a quantum non-stationary and non-Markov process indexed by an arbitrary causally-ordered space-time T to include also the classical stochastic representation of Davies type. Independently, Accardi-Frigerio-Lewis in [1] considered the reconstruction of a non-Markov quantum stochastic process in strong sense which does not require any order in T but requires not only casually ordered but also noncausal correlation kernels forming an infinite set for a finite T . On the other hand, Lindblad, Belavkin and later Parthasarathy [17] studied the monotone reconstruction theorem for a weak quantum stochastic process using only causal correlation kernels which form a finite set for a finite T . Given the kernels by a quantum dynamical semigroup, this monotone reconstruction is a dynamical versions of Stinespring's theorem respectively in discrete and continuous time T .
The main purpose of this paper is to study the Belavkin reconstruction theorem [2] for monotone covariant quantum stochastic Markov processes from the point of view of the Hilbert C * -module structure. Such process is given in weak sense by a positive semi-definite function constructed from a quantum dynamical semigroup, and we prove that the strong monotone covariant quantum stochastic process reconstructed from a covariant positive semi-definite function given by a covariant quantum dynamical semigroup is again covariant in strong sense as in [3] .
This paper is organized as follows: In Section 2, we recall some basic notions for Hilbert C * -modules. In Section 3, we study a covariant representation, constructed from a completely positive map, of a C * -dynamical system on a symmetry semigroup and the reconstruction theorem for a Hilbert C * -module valued stationary stochastic process, see Theorem 3.1. In Section 4, we study the reconstruction theorem for monotone quantum stochastic processes from quantum dynamical semigroups, see Theorem 4.1, which is a C * -generalization of Parthasarathy's construction in [17] and for the stationary semigroup case of the constructions given by Belavkin [2, 3] . In Section 5, we prove that the monotone quantum stochastic process constructed from a covariant quantum dynamical semigroup is strongly covariant with respect to a certain unitary representation of the given symmetry semigroup.
Hilbert C * -modules
Let A be a C * -algebra. A right A-module X is called a pre-Hilbert Amodule if there is an A-valued inner product ⟨x | z⟩ X ≡ ⟨x | z⟩ as a mapping ⟨· | ·⟩ : X × X → A which is linear in the second variable and satisfies the following properties:
(i) |x| 2 := ⟨x | x⟩ ≥ 0, and |x| 2 = 0 only if x = 0, (ii) ⟨x | z⟩ = ⟨z | x⟩ * for any x, z ∈ X, (iii) ⟨x | za⟩ = ⟨x | z⟩a for any a ∈ A.
If, in addition, X is complete with respect to the norm ∥x∥ = ∥⟨x | x⟩∥ 1/2 , then X is called a (right) Hilbert A-module. Obviously, X = A is the right Hilbert Amodule with respect to ⟨a | b⟩ = a * b such that the left multiplication operator L a b = ab on A has the adjoint L † a = L a * . Note that in general the vectors
x ∈ X are in one-to-one correspondence with the linear operators L x : A → X of the left multiplications L x a = xa given by the right action a : x → xa of a on X due to the existence of an approximate identity in A. This correspondence is explicit: x1 = x = L x 1 in the case of the unital C * -algebra A ∋ 1, so we might not even distinguish x and L x . Let X and Y be Hilbert A-modules. We denote by
and by B A (X, Y) the space of all linear bounded operators L : X → Y satisfying the right A-modular property
It follows from the uniform boundedness theorem that each operator L ∈
which becomes a C * -algebra with the operator norm. A representation of a C * -algebra B on a Hilbert A-module X is a * -homomorphism π from B into L A (X). Note that the elements x ∈ X are adjointable, x † z = ⟨x | z⟩, as the linear operators L x ∈ L A (A, X), as well as
But the linear operator of the right multiplication R a x = xa on X is not adjointable, it is not even A-modular, R a / ∈ B A (X) unless ⟨· | ·⟩ has the range in a commutative ideal of A, in which case R † a = R a * . For more details on Hilbert C * -modules, we refer to [14] . A covariant representation of (B, S, θ) is a triple (π, V, X), where π is a (unital) * -homomorphism of B on a Hilbert A-module X and V is an isometric A- 
C * -dynamical systems and stochastic processes
Proof. (i) By similar arguments to the Paschke's construction [18, 11] , there exist a Hilbert A-module X and a * -representation π : B → L A (X). In fact, X is the completion of the quotient space B ⊗ alg A/N by the pre-inner product
can be extended to X by continuity, which gives the * -representation π. In this construction, the unit vector e = 1 B ⊗ 1 A ∈ X is a generating vector of X, i.e.,
On the other hand, for any a ∈ A, b ∈ B and s ∈ S, by the (θ, u)-covariance of ϕ we have
and so the operator
can be extended to X by linearity and continuity. Moreover, V s satisfies the A-modular property. By the definition of V s , we have V r V s = V r·s on π(B)eA, which also holds on X. Furthermore, it satisfies the covariance condition (3.1) on π(B)eA which also holds by continuity on the whole space X. Therefore, the triple (π, V, X) is a covariant representation of (B, S, θ).
(ii) The proof of the stationary condition (3.2) is straightforward from the definition of the covariance function C r,s (x) and the ϕ-stationarity of {b t : t ∈ S}. □ Remark 3.2. In (i) of Theorem 3.1, a covariant representation (π, V, X) of (B, S, θ) is said to be minimal if there exists a unit vector e ∈ X such that π(B)eA spans a dense subspace of X. A minimal covariant representation is unique up to unitary equivalence. That is, if there exists another minimal covariant representation (π ′ , V ′ , X ′ ) of (B, S, θ) with a generating vector e ′ ∈ X ′ , then the map U : X → X ′ given by
gives the unitary equivalence of the covariance representations. In this case,
Quantum dynamical semigroups and Markov C * -processes
Let T = [0, ∞) be an additive semigroup. A quantum dynamical conservative semigroup over a unital C * -algebra A is a one-parameter family ϕ = {ϕ t : t ∈ T } of unital completely positive (UCP) linear maps ϕ t : A → A satisfying the dynamical condition:
and is conservative in the sense that ϕ t (1 A ) = 1 A for all t ∈ T .
In [17] , Parthasarathy proved that, if ϕ is a dynamical semigroup of normal UCP maps on a von Neumann algebra M on a Hilbert space H 0 , then there exist a family of normal unital representations (π t , H t ) of M with π 0 = id M and a family F of Hilbert space co-isometries F s (t) : H t → H s (s < t) satisfying the backward dynamical condition
This may be considered as a dynamical type Stinespring theorem for a semigroup of normal completely positive maps. One of our main interests in this paper is to give the Hilbert C * -module version (Theorem 4.1). For the study of the non-stationary case, we refer to [2, 3] by Belavkin.
is called a hemigroup if the backward dynamical condition (4.2) holds and F r (r) = I for all r ∈ T .
In [4] , Bhat and Parthasarathy proved to show the existence of weak Markov flows dilating a given completely positive semigroup {T t : t ≥ 0} in both the conservative case, T t (1) = 1 and the nonconservative case, T t (1) ≤ 1. Bhat and Skeide [5] extended a completely positive semigroup on a unital C * -subalgebra of B(H) to an E 0 -semigroup which is a strongly continuous semigroup of unital * -endomorphisms on B(H) by using of continuous families of Hilbert C * -modules. In [5, Theorem 6.9] they showed the existence of the correlation kernel of a completely positive semigroup, which is similar to our kernel given in the following theorem. However, we construct a hemigroup of co-isometries and a increasing family of Hilbert C * -modules which is different from the one in [5] . Moreover, we will use the proof of Theorem 4.1 to prove Theorem 5.1 which is the covariant version of the following theorem, so that we will give a proof of the following theorem for the reader's convenience. 
for all a = (a 1 , . . . , a n , a) ∈ A n+1 and the state vector- a) is defined as in (4.6). In particular, the process π satisfies the strong Markov property
Proof. The proof is similar to those of the reconstruction theorems by Belavkin [3] and Parthasarathy [17] . By similar arguments used in the proof of Theorem 3.1, we obtain a family of the KS-GNS triples (X • t , π • t , e • t ) from the completely positive linear map ϕ t which we now may denote as (X τ t , π τ t , e τ t ) with τ = {t}. For each finite chain τ = {t 1 , . . . , t n , t} ⊂ T with 0 < t 1 < · · · < t n < t, we define a multilinear map κ τ 0 : A n+1 × A n+1 → A indexed by τ as follows: (4.6) κ τ 0 (a * , b) = ϕ t1 (a * 1 ϕ t2−t1 (· · · a * n ϕ t−tn (a * b)b n · · · )b 1 ). Here a * = (a * 1 , . . . , a * n , a * ) ∈ A n+1 for any (n + 1)-tuple a = (a 1 , . . . , a n , a) ∈ A n+1 . Then each kernel κ τ 0 is positive semi-definite due to the complete positivity of ϕ and satisfies the projectivity (consistency) condition
by adding the identities a k = 1 ∈ A to a for all t k ∈ τ ′ which are not in τ , due to the unitality of ϕ. The kernel κ τ 0 satisfies the last moment adjointability property:
Let τ be a finite nonempty chain τ = {t 1 , . . . , t n , t} and let a ∈ A |τ | be a (n + 1)-tuple (a 1 , . . . a n , a) defining the function f ∈ F t with the support supp(f ) ⊂ τ by f (t i ) = a i , f (t) = a and f (0) = 1. Any other function f ∈ F t has f (0) = c ̸ = 1 and is defined by a 0 = (c, a). We set Take the inductive union F = ∪ F t and its A-linear span FA as a right
We may regard g as the A-valued function of F to A with finite support
for any g ∈ F t A having the support in F t . Due to the projectivity of C, this does not depend on t as soon as supp(g) ⊆ F t . Take the quotient D t = F t A/ ker C t where ker C t = {g ∈ F t A | ⟨g | g⟩ = 0} and complete it. The completion X t is the right Hilbert A-module with x t (h) ∈ X t , h ∈ F t , defined as the equivalence class of the indicator δ h such that
Therefore, C t becomes the reproducing kernel of X t . Now, due to F r ⊆ F t for all r < t and the projectivity (4.7) of C we have isometric embeddings F r A ⊆ F t A for the semi-Hilbert A-modules and thus the isometries F † t (r) : D r → D t on their quotients, which is extended by continuity to Hilbert A-modules X t . Moreover, we have that
δ f as a function on F t coincides with δ f as a function on F s . It is obvious from the construction that F = {F r (t) :
We note that the left multiplication operator λ t (a) : h → a t · h, given on h ∈ F t by the function a t = aδ t for a ∈ A with the single point support τ (a t ) = {t} as . . . , b n , ab) on b = h(t), is adjointable on D t . Therefore, there exists a * -representation π t : A → L A (X t ) extending the left multiplication π t (a)x t (h) = x t (a t · h) such that π t (a) † = π t (a * ) due to
This representation is obviously unital, π t (1) = I t , due to 1 t · b = b as 1 t = δ t .
Since F t ⊆ F t ′ for any t ′ > t, by (4.9) and (4.10), the backward hemigroup
The Markovianity (4.3) simply follows from the recurrent relation for
where τ (f n ) ⊆ τ \{t} such that f n (t) = 1 for t = max τ . We have that
for all f n ∈ F tn , where the latter identity giving the strong Markovianity is due to κ τ 0 (a * n · a * t , b t · b n ) = κ τn 0 (a * n , [ϕ t−tn (a * b)] tn b n ) for τ n = τ \{t} with max τ n = t n . □ A time indexed family π = {π t : t ∈ T } of unital * -morphisms π t from A into L A (X t ) with the increasing identity I t = π t (1) on X t is called a monotone quantum stochastic process in the strong sense of Belavkin [2, 3] . Hence, the family π = {π t : t ∈ T }, obtained in Theorem 4.1, of * -representations π t of A on X t is a monotone quantum stochastic process. 
Covariant quantum dynamical semigroups
Let T = [0, ∞) and S be a symmetry semigroup. Let A be a unital C *algebra with the unit element 1 and let (u s ) := {u s ∈ U (A) : s ∈ S} be a representation of S in the unitary group U(A) . Let (A, S, θ) 
We shall assume that for any s ∈ S, θ s : A → A is unitarily implemented as
A covariant dynamical representation of (A, S, θ) is a triple (π, V, X), where π = (π t ) is a stochastic process given by unital * -representations π t : A → L A (X t ) on the increasing Hilbert A-module system X = (X t ) with π 0 = id A on X 0 = A, the hemigroup F of the co-isometries F r (t) :
of an isometric representation V (t) : S → B A (X t ) with an initial unitary V s (0) = u s , satisfying the cocycle and consistency conditions
Now, we are going to study a Hilbert C * -module version for the stationary case of the covariant reconstruction theorem for the monotone Markov process indexed by a totally ordered set T as formulated for the Hilbert space case and the general set T [2] . Theorem 5.1. Let (A, S, θ) be a C * -dynamical system. If ϕ = {ϕ t : t ∈ T } is a (θ, u)-covariant dynamical semigroup over the unital C * -algebra A with unit 1, then there exist (i) an increasing Hilbert A-module system X = (X t ), (ii) a stochastic process π = (π t ) given by unital * -representations π t :
3) such that the cocycle and consistency conditions (5.4) and (5.5) hold.
Proof. In Theorem 4.1, the family X = (X t ) of Hilbert A-modules, a quantum stochastic process π = (π t ) and a hemigroup F = {F r (t) : r < t ∈ T } are already constructed.
Using the notations in Theorem 4.1, for each s ∈ S, we define the action Θ s onto the set F of finitely supported A-valued functions f ∈ F by Θ s (f )(r) = θ s (f (r)) for any r ∈ T . If τ = supp(h) is a chain {t 1 , . . . , t n , t}, the support of Θ s (h) is also the chain τ = {t 1 , . . . , t n , t}. This determines a linear operator
On the other hand, it follows from (5.1), (5.2) and (4.6) that
. . , t n , t}. Therefore, due to (5.7) the operator given as in (5.6) gives an isometry
due to the covariance (5.7) of the kernels (4.6) constructed from the covariant dynamical semigroup ϕ. Therefore, V s (t) can be extended, by continuity, to X t as an isometry into X t for every s ∈ S and each fixed t ∈ T . Moreover, these isometries have the A-modular property since they commute with right multiplications R a by a ∈ A on X t as
for all h ∈ D t and a ∈ A. Thus, we have that V s (t) ∈ B A (X t ). Consider an action υ of S on A by a semigroup of endomorphisms s → υ s ∈ End(A) such that for each s ∈ S, υ s (a) = u * s au s for any a ∈ A, and an operator W s (t) defined on D t by
where Υ s (s ∈ S) is the action onto the set F of finitely supported A-valued functions defined by Υ s (f )(r) = υ s (f (r)) for f ∈ F and r ∈ T . Then, by similar arguments used for V s (t), we can easily see that W s (t) is an isometry on D t and its extension to X t is the adjoint of V s (t). Therefore, V s (t) ∈ L A (X t ) is unitary. The semigroup condition (5.3) for V is obvious by the definition of V . Also, we can see that the cocycle conditions (5.4) and (5.5) by the arguments similar to [3] . □ Remark 5.2. In [10] , Goswami and Sinha constructed Evans-Hudson dilations of a uniformly continuous quantum dynamical semigroup on a von Neumann algebra and they extended to unital separable C * -algebras. Chakraborty, Goswami and Sinha [6] obtained covariant dilations for uniformly continuous semigroups. That is, they proved that every uniformly continuous quantum-dynamical semigroup on a separable C * -algebra or a von Neumann algebra which is covariant under a compact group action admits a covariant Evans-Hudson dilation in some Fock space, which is the Hilbert space analogue of Theorem 5.1. To get covariant dilations for uniformly continuous semigroups, they used Hilbert module techniques, which are quite close to our techniques. However, they did not consider a Hilbert module framework for Bhat-Parthasarathy-Belavkin type dilation and the stationarity of a quantum stochastic process which are proved in this section. For a general setting, we did not restrict to compact groups.
For each fixed t ∈ T and a ∈ A, we consider the quantum stochastic process {π t (θ s (a)) : s ∈ S} and its correlation function
r,s (a) = ⟨π t (θ s (a))e t | π t (θ s (a))e t ⟩. Then we get the following theorem for the stationarity of the quantum stochastic process π given as in Theorem 5.1. v·r,v·s (a) = ⟨π(θ v·r (a))e t | π(θ v·s (a))e t ⟩ = u v C (t) r,s (a)u * v , which implies the equation (5.8) .
□
